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Khovanov-Rozansky Graph Homology and
Composition Produt
Emmanuel WAGNER
Abstrat
In analogy with a reursive formula for the HOMFLY-PT polynomial of links
given by Jaeger, we give a reursive formula for the graph polynomial introdued
by Kauman and Vogel. We show how this formula extends to the Khovanov-
Rozansky graph homology.
Introdution
The two variable HOMFLY-PT polynomial P of oriented links in R3 is uniquely
determined by its value on an unknot and by the skein relation in Figure 1, see
[3℄. The speialization a = qn and b = q − q−1 for a positive integer n gives a
Laurent polynomial in one variable q. We denote this one variable polynomial
by Pn(L), where L is an oriented link, or by Pn(D) if D is a diagram for L; the
normalization here is
Pn (unknot) = [n]q =
qn − q−n
q − q−1
.
Jaeger [5℄ introdued a reursive formula for the HOMFLY-PT polynomial.
In partiular, for any oriented link diagram D and any integers m, n ≥ 1, this
formula allows a omputation of Pn+m(D) as a sum of produts Pn(D1) Pm(D2)
where D1 and D2 run over ertain subdiagrams of D. Jaeger alls this formula a
omposition produt.
In this paper we study nite oriented 4-valent graphs embedded in R2 suh
that the orientation of the edges around any vertex is as in Figure 2. We all suh
graphs in R2 regular. We also allow omponents of a regular graph to be oriented
)− a−1P (aP ( ) = bP ( )
Figure 1: The HOMFLY-PT skein relation
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Figure 2: Loal model
Figure 3: Regular graph
irles, see Figure 3 for an example. Expanding all verties of a regular graph Γ
as in Figure 4, Kauman and Vogel [6℄ dened for any integer n ≥ 1 a Laurent
polynomial Pn(Γ) in one variable q.
In analogy with Jaeger's omposition produt, we give a formula omputing
Pn+m(Γ) as a sum of produts Pn(Γ1) Pm(Γ2) where Γ1 and Γ2 run over ertain
regular subgraphs of Γ and m, n ≥ 1 are integers. More preisely, dene a labelling
of Γ to be a mapping f from the set of edges of Γ to the set {1, 2} (an oriented
irle is treated as an edge without verties). We denote L(Γ) the set of labellings
of Γ that satisfy the following loal ondition.
Conservation law: At every vertex v of Γ the number of adjaent edges
labelled by 1 (resp. by 2) direted towards v is equal to the number of adjaent
edges labelled by 1 (resp. 2) direted out of v.
Given f ∈ L(Γ), we an erase all edges labelled by 2 (resp. by 1), smooth
all 2-valent verties (see Figure 5) and obtain thus a regular graph denoted Γf,1
(resp. Γf,2).
Lemma 1. For all regular graphs Γ ⊂ R2 and for all integers m, n ≥ 1,
Pn+m(Γ) =
∑
f∈L(Γ)
qσ(Γ,f) Pn(Γf,1)Pm(Γf,2),
where σ(Γ, f) = σm,n(Γ, f) is an integer dened in Setion 1.2.
Pn( ) = qPn( )− q
nPn( )
= q−1Pn( )− q
−nPn( )
Figure 4: Graph polynomial Pn
2
Figure 5: Smoothing of a 2-valent vertex
We onsider the ategoriation of Pn due to Khovanov and Rozansky [8℄.
Given a regular graph Γ ⊂ R2 and an integer n ≥ 1, Khovanov and Rozan-
sky onstruted a Z-graded 2-periodi hain omplex Cn(Γ) over a ommutative
polynomial Q-algebra:
Cn(Γ) = ⊕i∈Z,j∈Z/2Z C
i,j
n (Γ).
The dierential d of this omplex respets the Z-grading and inreases the Z/2Z-
grading by one:
Ci,jn (Γ)
d
→ Ci,j+1n (Γ).
For all i ∈ Z, j ∈ Z/2Z,
KRi,jn (Γ) = Ker(d : C
i,j
n (Γ)→ C
i,j+1
n (Γ))/Im(d : C
i,j−1
n (Γ)→ C
i,j
n (Γ))
is a nite dimensional vetor spae over Q. Set for all i ∈ Z,
KRin(Γ) = KR
i,0
n (Γ)⊕KR
i,1
n (Γ) and KRn(Γ) = ⊕i∈Z,j∈Z/2ZKR
i,j
n (Γ).
This onstrution ategories the graph polynomial Pn(Γ) in the sense that
Pn(Γ) =
∑
i∈Z
dimQKR
i
n(Γ) q
i. (1)
We will denote by urly brakets {.} the shift up of the Z-grading: for i, k ∈ Z
and j ∈ Z/2Z, KRi,jn (Γ){k} = KR
i+k,j
n (Γ). For k ∈ Z, denote 〈k〉 the shift of the
(Z/2Z)-grading by k (mod 2). We state now our main result.
Theorem 1. For all regular graphs Γ ⊂ R2, for all m, n ≥ 1, i ∈ Z and j ∈ Z/2Z,
KRi,jn+m(Γ)
∼=
⊕
f ∈ L(Γ)
k, l ∈ Z, k + l + σ(Γ, f) = i
r, s ∈ Z/2Z, r + s = j
KRk,rn (Γf,1)⊗Q KR
l,s
m (Γf,2){σ(Γ, f)}
where
∼= is a Q-linear isomorphism and σ(Γ, f) = σm,n(Γ, f) is an integer dened
in Setion 1.2.
This theorem yields a ategoriation of Lemma 1 and gives a omputation of
KRn+m(Γ) via KRn(Γf,1) and KRm(Γf,2). We derive from Theorem 1 a diret
omputational formula for KRn(Γ), see Corollary 1, Setion 3.
The plan of the paper is as follows. In the rst setion we explain all notations
of Lemma 1 and Theorem 1. The seond setion is devoted to the proofs of Lemma
1 and Theorem 1. In the third setion, we explore onsequenes of Theorem 1.
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Pn( ) =
qn − q−n
q − q−1
= [n]q (2)
Pn( ) = [n− 1]q Pn( ) (3)
Pn
( )
= [2]q Pn( ) (4)
Pn( ) = Pn( ) + [n− 2]q Pn( ) (5)
Pn
( )
+ Pn
( )
= Pn
( )
+ Pn
( )
(6)
Figure 6: Graph relations
1 Preliminaries
1.1 Graph polynomials
The graph polynomial Pn(Γ) ∈ Z[q, q
−1] (n ≥ 1) of a regular graph Γ ⊂ R2
is dened from the relations in Figure 4. Notie that Pn(Γ) is preserved under
ambient isotopy of Γ in R2. The polynomial Pn an also be dened as the only
polynomial invariant of regular graphs invariant under ambient isotopy of graphs
in R2 and satisfying the relations in Figure 6, see [6℄. In other words, these
relations are suient to ompute Pn(Γ) reursively. Murakami, Ohtsuki and
Yamada [10℄ gave a state sum formula for Pn(Γ) and dedued that Pn(Γ) has only
non-negative oeients for any regular graph Γ and any n ≥ 1.
1.2 Notations
Let Γ ⊂ R2 be a regular graph. We dene the rotation number of Γ. Smooth
all the verties of Γ as in Figure 7. This gives a disjoint union of oriented irles
embedded in R2; we all these irles Seifert irles of Γ. The rotation number of
Γ, denoted r(Γ), is the sum of the signs of these irles where the sign of a Seifert
irle is +1 if it is oriented ounterlokwise and −1 otherwise.
We dene the interation 〈v|Γ|f〉 ∈ Z of a vertex v of Γ with a labelling f as
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Figure 7: Smoothing
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〈v|Γ|f〉 = 0 〈v|Γ|f〉 = 0 〈v|Γ|f〉 = 0
1
2
2
1 2
2
1
1 2
2
2
2
〈v|Γ|f〉 = 1 〈v|Γ|f〉 = −1 〈v|Γ|f〉 = 0
Figure 8: Denition of the interation 〈v|Γ|f〉
shown in Figure 8, where 1 and 2 are the values of f on the orresponding edges.
Set 〈Γ|f〉 =
∑
v〈v|Γ|f〉, where v runs over all verties of Γ. Given integers m, n
≥ 1, set
σ(Γ, f) = σm,n(Γ, f) = 〈Γ, f〉+mr(Γf,1)− n r(Γf,2) ∈ Z.
2 Proofs
2.1 Proof of Lemma 1
Fix m,n ≥ 1. For any regular graph Γ ⊂ R2, set
Q(Γ) = Qn+m(Γ) =
∑
f∈L(Γ)
qσ(Γ,f)Pn(Γf,1)Pm(Γf,2) ∈ Z[q, q
−1].
In order to prove the lemma it is enough to hek that Q satises the ve relations
on Figure 9. First we verify (7):
Q( ) = q−mPn( ) + q
nPm( )
= q−m[n]q + q
n[m]q = [n+m]q.
We need to x more notations: given a regular graph Γ, a labelling f0 ∈ L(Γ),
and a subset E0 of the set of edges of Γ, set
Q(Γf0,E0) =
∑
f∈L(Γ),f |E0=f0|E0
qσ(Γ,f)Pn(Γf,1)Pm(Γf,2).
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Q( ) =
qn+m − q−(n+m)
q − q−1
= [n+m]q (7)
Q( ) = [n+m− 1]q Q( ) (8)
Q
( )
= [2]q Q( ) (9)
Q( ) = Q( ) + [n +m− 2]q Q( ) (10)
Q
( )
+Q
( )
= Q
( )
+Q
( )
(11)
Figure 9: Graph relations
For example, Q(
1
1
1
) is given by a sum over all labellings whose values on the
pitured edges are 1. We now hek (8). We have
Q( ) = Q(
1
1
1
) +Q(
2
1
1
) +Q(
2
2
2
) +Q(
1
2
2
). (12)
Applying relation (2) to the Pm-terms in Q(
2
1
1
), we obtain
Q(
2
1
1
) = qn−1[m]q Q( 1 ),
and applying relation (3) to the Pn-terms in Q(
1
1
1
), we get
Q(
1
1
1
) = q−m[n− 1]q Q( 1 ).
Similarly, we an apply relation (3) to the Pm-terms in Q(
2
2
2
) and relation
(2) to the Pn-terms in Q(
1
2
2
) and we get that the right hand-side of (12) is
equal to
6
q−m[n− 1]q Q( 1 ) + q
n−1[m]q Q( 1 )
+qn[m− 1]q Q( 2 ) + q
−m+1[n]q Q( 2 )
=
(
q−m[n− 1]q + q
n−1[m]q
)
Q( 1 ) +
(
qn[m− 1]q + q
−m+1[n]q
)
Q( 2 )
= [n+m− 1]q
(
Q( 1 ) +Q( 2 )
)
= [n+m− 1]q Q( ).
Hene Q satises (8).
We hek (9):
Q
( )
= Q
(
1
1
1
1
1
1
)
+Q
(
2
2
2
2
2
2
)
+Q
(
2
1
1
1
2
2
)
+Q
(
2
1
1
2
2
1
)
+ Q
(
1
2
2
2
1
1
)
+Q
(
2
2
2
1
1
1
)
+Q
(
1
2 1
1 2
2
)
+Q
(
1
1 2
2 1
2
)
+ Q
(
2
2 1
1 2
1
)
+Q
(
1
2 1
1 2
2
)
= Q
(
1
1
1
1
1
1
)
+Q
(
2
2
2
2
2
2
)
+ q−1Q
(
2
2
1
1
)
+ qQ
(
2
2
1
1
)
+ qQ
(
1
2
2
1
)
+ q−1Q
(
1
2
2
1
)
+ qQ
(
2 1
21
)
+q−1Q
(
2 1
21
)
+ q−1Q
(
1
1
2
2
)
+ qQ
(
1
1
2
2
)
.
Using the relation (4) for the Pn-terms and Pm-terms, we easily obtain (9).
We now hek (10).
Q
( )
= Q
(
1
1
1
1
1
1
)
+Q
(
2
1
11
1
2
)
+Q
(
2
2
2
2
2
2
)
+Q
(
1
2
2
2
2
1
)
+ Q
(
2
1
1
1
1 2
)
+Q
(
2
1
1 2
2
2
)
+Q
(
2
1
1
2
2
2
)
+Q
(
1
2
2
1
1
1
)
+ Q
(
2
1
2
2
1
1
)
+Q
(
22
1
1
1
2
)
.
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We apply the relations (2), (3), and (5) to the Pn-terms and Pm-terms, so the
latter expression is equal to:
Q
( 1
1
)
+ q−m[n− 2]q Q
(
11
)
+ qn−2[m]q Q
(
11
)
+Q
(
2
2 )
+ qn[m− 2]q Q
(
22
)
+ q2−m[n]q Q
(
22
)
+q1−m[n− 1]q Q
(
1 2
)
+ qn−1[m− 1]q Q
(
1 2
)
+q1−n[m− 1]q Q
(
2 1
)
+ qm−1[n− 1]q Q
(
2 1
)
+ Q
(
2
1 )
+Q
(
1
2 )
= Q
( )
+ [n+m− 2]q Q
( )
.
In order to prove the last relation (11), we put in orrespondene the labellings
ouring on the two sides of (11) as in the following two examples:
Q

 2
2 2
1
2
21 2
1  = Q


1
2 2
2
2
2
1
1 2

 , Q


1
2
2
2
2
1
1
1
1 
 = Q


1
2
2
1
1
1

 .
There are 28 dierent labellings possible for . Among these labellings, 14
are identied with labellings of as in the rst example and 8 with labellings
of as in the seond example. The remaining 6 labellings are involved in
the following equalities (three other equalities are obtained by exhanging 1 and
2):
Q


2
2 2 2
2
22
2 2

+Q


2
2 2 2
22

 = Q


2
2 2 2
2
2 2
22

+Q


2
2 2
22
2

 ,
Q


1
2 2
2
2
2 2
1
1

+Q


1
2 2
22
1

 = Q


1
2 2
2
2
22
2
1

 ,
Q


2 1
1
1
1
1
1
12  = Q


2
2 1
2
1
1
1
1 1

+Q


2
1
1
1
1
2

 .
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In this way we obtain that Q satises (11). Hene, Q satises equations (7-11)
and sine these equations determine Pn+m, we onlude that Q = Pn+m. Lemma
1 is proved.
2.2 Proof of Theorem 1
Sine the graph polynomial has only non negative oeients, we have diretly
from Lemma 1 and Formula (1):
KRin+m(Γ)
∼=
⊕
f ∈ L(Γ)
k, l ∈ Z, k + l + σ(Γ, f) = i
KRkn(Γf,1)⊗Q KR
l
m(Γf,2){σ(Γ, f)}.(13)
Khovanov and Rozansky [8℄, p. 78 proved the following: for any regular graph Γ,
n ≥ 1, and i ∈ Z,
KRi,jn (Γ) = 0 if j = r(Γ) + 1 (mod 2),
where r(Γ) is the rotation number dened in Setion 1.2. Furthermore, given a
regular graph Γ and f ∈ L(Γ), we have
r(Γ) = r(Γf,1) + r(Γf,2).
Theorem 1 follows from (13) and the latter formula.
3 Consequenes
Given a regular graph Γ, we denote L(Γ) the subset of labellings of Γ suh that
Γf,2 is a disjoint union of irles. We dene also
S(Γ) = {Γf,1|f ∈ L(Γ)}.
Given a regular subgraph ∆ ∈ S(Γ) of Γ, there is a unique labelling f∆ ∈ L(Γ)
suh that ∆ = Γf,1. For ∆ ∈ S(Γ), set β(Γ,∆) = 〈Γ, f∆〉 where 〈Γ, f∆〉 is dened
in Setion 1.2. We need to x more notations. For all k, l ∈ Z,
Q{k}〈l〉 = ⊕i∈Z,j∈Z/2Z Q{k}〈l〉
i,j ,
where
Q{k}〈l〉i,j =
{
Q if i = k and j = l(mod 2),
0 otherwise.
We state a orollary of Theorem 1.
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Corollary 1. For all regular graphs Γ ⊂ R2 and all integers n ≥ 2,
KRn(Γ) ∼=
⊕
∆1∈S(Γ),∆2∈S(∆1),...,∆n−1∈S(∆n−2)
Q{δ(∆1, . . . ,∆n−1)}〈r(Γ)〉
where
δ(∆1, . . . ,∆n−1) =
n−2∑
i=0
(β(∆i,∆i+1) + (n− i) r(∆i+1)− (n− 1− i) r(∆i))
=
n−2∑
i=0
(β(∆i,∆i+1) + 2 r(∆i+1))− (n− 1) r(Γ)
with the onvention ∆0 = Γ.
Proof. From [8℄ we have
KR1(Γ) =
{
Q if Γ is a union of irles,
0 otherwise.
The rest of the argument is just a straightforward reurrene using the ase m = 1
of Theorem 1.
We illustrate Theorem 1 and Corollary 1, for n = 2 and m = 1 in the following
example.
Example 1.
KR3
( )
∼= KR2
( )
⊕KR2( ){−3}〈1〉
⊕KR2( ){3}〈1〉 ⊕KR2( ){1}〈1〉
⊕KR2( ){−1}〈1〉
∼= Q{−2} ⊕Q{2} ⊕Q⊕Q⊕Q{−2} ⊕Q{−4}
⊕Q{4} ⊕Q{2} ⊕Q{2} ⊕Q⊕Q⊕Q{−2}
Remark. Corollary 1 suggest an equivalent but diret denition of KRn(Γ).
KRn(Γ) =
⊕
∆1∈S(Γ),∆2∈S(∆1),...,∆n∈S(∆n−1)
Q{δ(∆1, . . . ,∆n)}〈r(Γ)〉.
Using this expression as a starting denition of KRn(Γ), it would be interesting
to exhibit expliitly the isomorphism of Theorem 1.
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